The continuous matrices of atomic displacements and lattice distortion from facecentred-cubic (fcc) to body-centred-cubic (bcc) phases compatible with the hard-sphere geometry of iron atoms are calculated for different possible final orientation relationships (ORs), such as Bain, Pitsch and Kurdjumov-Sachs (KS). The angular distortion introduced in the calculations appears as a natural order parameter of the fcc-bcc transitions. The average atomic displacement is lower with Pitsch and KS ORs than for Bain; one of these two distortions probably constitutes the natural mechanism for stress-free isolated small crystals.
Introduction
Martensitic transformations between face centred cubic (, fcc) austenite and body centred cubic (, bcc) martensite have been studied for more than one century. Among the earlier works, one can cite those of Adolf Martens [1] and Floris Osmond [2] linked to the development of metallography. In 1924, Bain [3] proposed a simple model of fcc-bcc transformation. Few years later, the orientation relationship (OR) between austenite and martensite was measured by X-ray diffraction by Kurdjumov & Sachs [4] , Nishiyama [5] , and Wassermann [6] . The KS and NW ORs are separated by 5°, and both are at 10° far from the Bain OR. The discrepancy between the "expected" Bain OR and the experimental ORs made these authors propose separately a similar model of lattice distortion by shear and dilatation, which is known as the KSN model. This approach does not seem to have convinced the scientists of that time because they continued their efforts to conciliate the theoretical Bain distortion with the experimentally determined ORs and the shapes of the martensite laths, 2 following Greninger and Troiano's approach [7] . This led in the 1950s to the phenomenological theory of martensite transformation/crystallography (PTMT or PTMC) [8] .
The PTMC treats the lattice deformations, shape and internal defects of the martensite product in a coherent entangled way. Two important considerations are in the core of this theory: a) martensitic transformations occur according to shear mechanisms, and b) the Bain distortion has the lowest strains. Details of the theory can be found in many reference books such as those of Nishiyama [9] , Christian [10] and Bhadeshia [11] . The PTMC is now applied to a large family of phase transition materials beyond the historical steels and iron alloys, such as TiNi and other shape-memory alloys [12] . In steels, the PTMC nicely describes the {259}  and {3 10 15}  habit planes, but more complex calculations are required for the {225}  habit planes [9] [13] [14] . Despite its success and its board use, PTMC remains phenomenological. The exact atomic displacements of the iron atoms during the transformation are not in its scope: "The crystallographic theory of martensite is on the hand [11] .
called phenomenological; the steps into which the transformation is factorised are not unique and do not necessarily describe the actual path by which the atoms move from one lattice to the other. The theory simply provides a definite link between the initial and final states without being certain of the path in between"
Actually, neither the Bain distortion with PTMC nor the KSN model take into account the atomic movements; they are pure lattice transformation models. To our knowledge, Bogers and Burgers in 1964 [15] were the first to consider the iron atoms as hard spheres, and they proposes lattice deformations that are compatible with the atom sizes. Their approach, later refined by Olson and Cohen [16] assumes that the transformation results from a (multi)shear mechanism, but is not based on the Bain distortion. For the few last years, we have also tried to develop a model that could describe the atomic displacements during the transformation.
Our motivation dates from our observation of some peculiar features in the pole figures obtained by X-ray diffraction and Electron BackScatter Diffraction (EBSD); they are spread between KS and the other classical ORs such as NW, Pitsch and Greninger-Troiano (GT) and could be simulated by two continuous rotations A and B [17] . Since these features are observed in many steels, iron-nickel alloys and meteorites, and brass (independently of the morphology and habit planes), we have considered them as the trace of the plastic accommodation of the lattice deformation. In 2013, we proposed a hard-sphere model of fccbcc martensitic transformations [18] , which is based on the Pitsch OR [21] . We called it "onestep" in comparison with a "two-step" model published few years earlier in which we imagined that the transformation was produced by the movement of partial Shockley dislocations leading to an intermediate fleeting hcp phase [17] . In the one-step Pitsch model the continuous features in the pole figures could be explained by taking into account the 3 deformation field imposed by the transformation in the fcc surrounding matrix. Some experimental observations, such as the nucleation of the martensite at intersection of stacking faults planes were qualitatively described.
The present work is in the continuity of the one-step model [17] . The calculations rely on pure geometry and have no ambition to compete with the PTMC. As schematically represented in Fig. 1 , PTMC treats the lattice deformations, shape and internal defects of the martensite product in a coherent way, whereas our approach only tries to determine the lattice distortions compatible with a hard-sphere rule, i.e. avoiding the interpenetration of the iron atoms during the lattice distortion. This approach relies on an assumption different from PTMC. Instead of considering that the natural distortion occurs by Bain and that the final OR results from an accommodation process necessary to establish an invariant plane strain; we consider that the distortion is actually the one that gives the final OR and that the accommodation in the austenitic matrix is only a consequence of that distortion. Many questions could be raised from this approach: a) what is the mathematical expression of the distortions that lead to Pitsch and KS ORs, b) what is their link with the Bain distortion, c) is there a possibility to explain the habit planes from this approach? It will be shown that the distortion matrix associated to Pitsch and KS ORs could constitute the natural distortion of the fcc-bcc martensitic transformation in stress-free crystals. For bulk materials, since KS OR is predominant, the distortion matrix associated this OR seems more adequate; it will be shown that it has very special properties and seems sufficient to explain the {225}  habit planes.
Notations, composition rules of matrices and conventions
Before entering into the details of the calculations, it is worth clarifying the notations and conventions that will be used in the paper. The vectors are in bold small letters, such as u for (2) A homogeneous lattice distortion is a linear transformation D from the lattice  to the
It can also be written in another basis of the initial crystal by
should be very careful to avoid any confusion with coordinate transformation matrices. A distortion matrices is "active", it changes any vector u of the initial crystal  into a new vector u' = D.u, whereas a coordinate transformation matrix is "passive", it allows to calculate the coordinate of a fixed vector u in different bases and tells nothing on the distortion mechanism. Multiplication of active matrices corresponds to composition of operations that should be read from the right to the left. Multiplication of passive matrices corresponds to a sequence of change of bases that should be read from the left to the right.
We would like to introduce here a class of transformations that, as far as we know, is not reported in the textbooks but that will be very important for the rest of the paper. We call them "angular distortive" transformations. In such transformations, a vector of the lattice is let invariant and another one is rotated by an angle θ without modification of its length, as represented in Fig. 2c . When the distortion applies to the vectors of the basis B 0 , the distortion matrix is
This type of distortion is different from the usual simple shear transformation of amplitude s represented in Fig. 2d , even if a dilatation parameter  perpendicular to the invariant plane is introduced. Indeed, the expression of an invariant plane strain matrix is
and can be assimilated to the "angular distortive" matrix (3) only for special combination of s and   1. It will be shown in the rest of paper that angular distortive transformations are the ideal tool to treat lattice distortions that respect the hard sphere packing of the atoms.
The displacement field F associated to a homogeneous distortion D is F.x = (I-D).x with I the identity matrix. The deformation is the gradient of displacements; it is dF/dx = I-D.
For convenience in the calculations, the unity will be attributed to the lattice parameter of the fcc phase. The angles are given in radians, except those indicated in degrees (°). The numerical calculations and 3D graphics and surfaces are obtained with Mathematica 10. As in ref. [18] , it is assumed in first and rough approximation that during the   martensitic transformation, the iron atoms are hard spheres of same diameter in both phases, which implies that:
Model of atomic displacements with Bain OR
The Bain distortion is a contraction of 20% along one <100>  axis and expansions along the two <011>  axis perpendicular to the contraction axis. assuming that the iron atoms are hard spheres that "roll" on each other during the distortion.
In order to obtain a coherency with the reference frames used with our previous paper [18] , we will take for convention that the contraction occurs along the a-axis (and not along the c- , y, z) . During the Pitsch distortion, the axis x remains invariant, i.e. undistorted and unrotated; we called it "neutral line" [18] (please note that the x direction is inverted in comparison to ref. [18] in order to work in right-hand bases). The y axis is rotated by an angle α; and the z axis remains parallel to the c axis and is elongated in order to respect the hard-sphere packing of the iron atoms, as shown in Fig. 3b . There are two ways to calculate the distortion. The first one uses Fig. 5 and the calculations are performed in a Cartesian coordinate system. The distance PM = QM = 1 becomes after deformation PM' = √1 − sin ( ) and QM' = √1 + sin ( ). Thus:
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The second way consists in noticing that the elongation along z with Pitsch distortion should be equal to the one obtained with Bain because both models are based on hard-sphere packing, and thus:
Trigonometric relations show that both equations (9) and (10) are equal.
Hence, the Pitsch distortion matrix written in the reference basis B 1 is:
In the reference basis B 0 , the basis B 1 is given by the coordinate transformation matrix: 
B B
The Pitsch distortion matrix in the basis B 0 is therefore: (12) which becomes after calculations:
It can be equivalently written:
The transformation starts with the angle  = 0 and ) 0 ( This is the matrix already reported in ref. [18] . It can be diagonalized and the eigenvalues 
The symbol T at the left of a matrix or a vector means "transpose" (it is not on the right for style reasons). The equation becomes after calculations and comparison with equation (8)
Therefore, the matrix takes the form
appears naturally in the present approach whereas it is "artificially" created in the PTMC in order to respect the "invariant line criterion". When the transformation is completed ( =
R is a rotation of 9.73° around [001]  .
Model of atomic displacements with Kurdjumov-Sachs OR
The KS OR is 
and thus 
The norm of the vector z = [100]  is given by equation (6):
By using equations (18) to (20) and trigonometric rules, it can also be checked that
Thus, equation (21) can be written (23) By using equation (18) and noting X = cos(), equation (23) can be written
with X = cos() (24) The initial state of the fcc phase is defined by  = 60° (X = 1/2) and thus 
with X = cos() (27) This matrix gives the distortions along the axes x, y, z of These matrices allow us to calculate the distortion matrix in the basis B 0 
Correspondence matrices for the directions and planes
The matrices OR 0 D of equations (8), (15) and (32) give, in the initial fcc basis The distortion matrices, the rotational part  R associated to the coordinate transformation matrices and the images of some low-index direct and reciprocal directions in the final α bcc basis for Bain, Pitsch and KS ORs are given in Table 1 . It can be checked that the images of the direct and reciprocal directions are the same whatever the distortion matrix, Bain, Pitsch or KS of equations (8), (15) which is beyond the scope of the paper.
Proposition of a new transition order parameter
To our knowledge, up to now, only complex order parameters have been attributed to fccbcc martensitic transformations, most of them associated to the stress field around the martensite [19] . More generally, as frankly said by Clapp in 1995 [20] (6) and (14) for Bain and Pitsch, respectively, and  or X = cos() in equation (31) for KS. This parameter could probably be used in phase field approaches.
What is the natural fcc-bcc distortion mechanism?
In the paper, we call "natural" the hypothetical distortion of a very small free fcc singlecrystal, isolated from any external stress field, that transforms quickly into only one variant of bcc martensite. What could be the natural fcc-bcc martensite distortion? Does it follow the distortion matrix (8), (15) or (32), corresponding to Bain, Pitsch or KS, respectively? How do the atoms move in an absolute reference frame? A pure Bain distortion seems possible.
Indeed, it is argued in the PTMC that the Bain OR is not observed experimentally because of the strain accommodation of the surrounding austenite matrix. It means that the rigid body rotation R would be a consequence of the transformation and not an intrinsic part of the mechanism. However, we don't find any crystallographic argument that could support the assumption that the distortion naturally should respect a 4-fold <100>  axis of austenite (the contraction axis). If one considers only the strains associated to the distortion, there is no difference between the three paths presented in given by the continuous matrices of equations (6), (14) and (31). The mean displacements are now 0.591 Å for Bain, 0.476 Å for Pitsch, and 0.520 Å for KS. These calculations prove that, the distortion matrices associated to Pitsch and KS OR have a lower mean displacement than with Bain, even if they contain Bain in their polar decomposition. Therefore, if only the atomic displacement is considered, the natural distortion should be the one that leads to Pitsch OR. However, more work would be required to prove that there is no other matrix that could lead to even lower values of mean displacement; and it is not sure that the length of the atomic displacements should be the unique criterion to determine the natural distortion mechanism. The physical mechanism of fcc phase destabilization induced by the change of atomic potential along specific directions can't be ignored if one wants to capture a global understanding of fcc-bcc martensitic transformation. There is not yet experiment that aims at determining the natural distortion due to the difficulty to isolate a very small crystal of metastable austenite. The observations that are closer to this case are in-situ TEM martensitic transformations in which a thin TEM sample is heated up to its fully austenitic state, and then quickly cooled in the microscope. Pitsch OR was observed by Pitsch in TEM lamellas of Fe-N alloys [21] , and KS OR was observed by Maki and Wayman in TEM lamellas of Fe-Ni-C 
What is the matrix-embedded fcc-bcc distortion?
KS OR, or ORs close to KS, are often reported in bulk martensitic steels. If the natural distortion mechanism is Pitsch, the existence of KS OR could be explained by the effect of the Pitsch distortion on the surrounding matrix. Such possibility was discussed in the onestep model of ref. [18] . In this model, the martensite first nucleates in Pitsch OR, which distorts and makes rotate the surrounding fcc matrix. Then, martensite grows still by Pitsch distortion, but now in the distorted matrix: the OR is Pitsch locally, but is KS or NW globally, i.e. if the OR is measured in reference to the undeformed fcc matrix far from the martensite. If the natural distortion mechanism is the one that leads to KS OR, the KS OR would be a simple and direct consequence of the natural distortion mechanism. Moreover, the hypothesis that the experimental OR spreading comes from the distortion itself can be conserved by slightly modifying the one-step model presented in ref. [18] . The nucleation of martensite in a surrounding austenite field would occur by a distortion leading to KS by equation (32), and the Pitsch and NW orientations would result from the growth of the martensite in the austenite deformed by the continuous A and B rotations. The modified scheme of this scenario is proposed in Fig. 9 . With Pitsch-one-step model, the rotation B is not pure, i.e. it is combined with rotation A (see section 4.2 of [18] ), whereas it is pure with the KS-one-step model 17 because it directly results from the angular (111)  → (110)  distortion as it will be detailed in (8) and (15) associated to Bain and Pitsch ORs; these directions exist because the matrices can be diagonalized. The particularity of the distortion matrix (32) associated to the KS OR is that it can't be diagonalized. Indeed, it has 1, 1 and 1.088 as characteristic roots. Shear and more generally invariant-plane strain matrices have two eigenvalues equal unity, but the distortion matrix (32) is not this type. Let us recall here that an invariant-plane strain P can be written 
Another way to verify that MH is not constant is to consider the surface change of the (1 11)  plane and the volume change of the lattice; they do not obey the same law. Indeed, the surface change S(X) is a function of sin(β) = √1 − 2 , and the volume change V(X) is a function of √ (1 − ), as deduced from the matrix (27) . Equation (40) 
Prediction of the {225} habit planes
Could the distortion matrix KS 0 D be directly used to predict some habit planes (HP) without requiring additional arguments such as multiple slips, twinning or variant pairing? 19 Since the distortion matrix has no invariant plane, a weaker criterion to determine the HP was investigated. We realized that, even if not fully invariant, the habit plane should at least correspond to an unrotated plane because a rotated plane would create huge displacements at the interface with the fcc matrix far from the rotation axis. The crystallographic condition to obtain an unrotated plane can be written as follows. The distortion matrix for the directions is with g // parallel to g, and g  perpendicular to g, as shown in Fig. 11 . The part g // corresponds to the case where g' remain parallel to g, i.e. to a modification of the interplanar distance without rotation. The part g  corresponds to a rotation of the plane; it is equal to the rotation angle for small rotations. For any vector g oriented on the unit sphere 1  g , one can
calculate g and then the norm of g  by planes. The simplicity of the present approach has certainly reached its limit, and more complex calculations are required. Some approaches used in PTMC, such as twinning or variant pairing proved to be very efficient to model the {2 5 9}  and {3 10 15}  habit planes [9] [13] [14] , and more recently the {5 5 7}  habit planes [26] . More adapted and refined criteria such as those used in the O-lattice theory are also worth being investigated [14] .
Similar calculations have been also performed with Bain and Pitsch distortion matrices (8) and (15) . The results are reported in Supplementary Materials. The calculated unrotated planes do not correspond to any experimentally determined HP, according to our knowledge of literature.
Perspectives
In the paper the continuous matrices associated to Bain, Pitsch and KS ORs have been Since fcc-bcc martensite transformations share many common characteristics with bcc-hcp martensite transformations and mechanical twinning, the present approach is generalizable to the global fcc-hcp-bcc system, as it will be detailed and discussed in a next paper.
Conclusions
The lattice distortions associated to the Bain, Pitsch and KS orientation relationships have transformations are synonymous with martensitic transformation" [13] . In the present work, the fcc-bcc martensitic transformations appear as "angular distortive". This idea is actually not so far from the initial historical models of Kurdjumov and Sachs [4] , Nishiyama [5] , and Borgers and Burgers [15] . Further works are required to validate the interest of the approach, but the fact that the KS distortion matrix "predicts" the ( 2 25)  habit plane is very encouraging. 
